Abstract A low-order mimetic finite difference (MFD) method for Reissner-Mindlin plate problems is considered. Together with the source problem, the free vibration and the buckling problems are investigated. Full details about the scheme implementation are provided, and the numerical results on several different types of meshes are reported.
Introduction
The Reissner-Mindlin theory is widely used to describe the bending behavior of an elastic plate loaded by a transverse force. However, its discretization by means of Galerkin methods is typically not straightforward. For instance, standard low-order finite element schemes exhibit a severe lack of convergence whenever the thickness is too small with respect to the other characteristic dimensions of the plate. This undesirable phenomenon, known as shear locking, is nowadays well understood: as the plate thickness tends to zero, the Reissner-Mindlin model enforces the Kirchhoff constraint, which is typically too severe for the discrete scheme at hand, especially if low-order polynomials are employed (see, for instance, the monograph by Brezzi and Fortin [16] ). The root of the shear locking phenomenon is that the space of discrete functions which satisfy the Kirchhoff constraint is very small, and does not properly approximate a generic plate solution. The most popular way to overcome the shear locking phenomenon in Galerkin methods is to reduce the influence of the shear energy by considering a (selective) reduced integration of the shear part, by resorting to a mixed formulation or by introducing a suitable shear reduction operator. Indeed, several families of methods have been rigorously shown to be free from locking and optimally convergent; let us mention, for instance, [1-4, 14, 17, 28, 29] , and [37, 38, 40, 43, 44] .
In the last years, many mimetic discretizations have been developed for the discretization of problems in partial differential equations. The mimetic finite difference (or MFD) method has been successfully employed for solving problems of electromagnetism [35] , gas dinamics [21] , linear diffusion (see, e.g., [8, 9, 12, 13, 15, 18, 19, 31, 32, 36] and the references therein), convection-diffusion [23] , Stokes flow [6] and elasticity [5] . We also mention the development of a posteriori estimators for linear diffusion in [10] and post-processing technique in [22] . Finally, the mimetic discretization method has been shown to share strong similarities with the finite volume method in [26] .
Recently, a mimetic finite difference (MFD) procedure has been proposed and theoretically analysed for Reissner-Mindlin plates in [11] . The method, which can be considered as a MFD version of the MITC and Durán-Liberman elements, combines the excellent convergence behaviour of the latter schemes with the great flexibility in handling the mesh of the former approach. The aim of this paper is to numerically assess the actual performance of the MFD method, by considering the source problem, as well as the free vibration and the plate buckling problems.
A brief outline of the paper is as follows. In Section 2 we recall the ReissnerMindlin plate problems, together with the necessary notations. Section 3 concerns with a presentation of the numerical scheme proposed and analysed in [11] . In particular, full details about the method implementation, that where missing in [11] , are provided. In Section 4 we report the numerical results obtained using several types of meshes. We end the paper with some concluding remarks.
The Reissner-Mindlin plate equations
Here and thereafter we use the following operator notation for any tensor field τ = (τ ij ) i, j = 1, 2, any vector field η = (η i ) i = 1, 2 and any scalar field v:
rot η := ∂ 1 η 2 − ∂ 2 η 1 , tr(τ ) := τ 11 + τ 22 , ∇v :=
Consider an elastic plate of thickness t such that 0 < t ≤ diam(Ω), with reference
where Ω is a convex polygonal domain of R 2 occupied by the midsection of the plate. The deformation of the plate is described by means of the Reissner-Mindlin model in terms of the rotations β = (β 1 , β 2 ) of the fibers initially normal to the plate's midsurface, the scaled shear stresses γ = (γ 1 , γ 2 ), and the transverse displacement w. Assuming that the plate is clamped on its whole boundary ∂Ω, the following strong equations describe the plate's response to conveniently scaled transversal load g ∈ L 2 (Ω): find (β, w, γ) such that
in Ω,
where the tensor of bending moduli is given by:
Cτ := E 12(1 − ν 2 ) ((1 − ν)τ + νtr(τ )I) , with E > 0 representing the Young modulus, 0 < ν < 1/2 being the Poisson ratio for the material and I indicating the second order identity tensor.
Let the H 1 0 (Ω)
2 -elliptic bilinear form be given by
with ε = (ε ij ) 1≤i,j≤2 the standard strain tensor defined by ε ij (β) :
Then, the variational formulation of problem (1) reads:
In this expression, κ := Ek/2(1 + ν) is the shear modulus with k a correction factor usually taken as 5/6 for clamped plates.
We will also consider the free vibration and buckling problem for plates. The free vibration problem of a plate is (see [25, 27, 28, 30] ):
(Ω), where λ = ρω 2 /t 2 , with ρ being the density and ω the angular vibration frequency of the plate and the corresponding eigenfunctions are the vibration modes.
The buckling problem of a plate is (see [33, 39] ):
where σ(x, y) ∈ R 2×2 is a symmetric tensor which corresponds to a pre-existing stress state in the plate, λ bp = λ bc /t 2 , with λ bc being the buckling coefficients of the plate and the corresponding eigenfunctions are the buckling modes. Accordingly with (1) , for the problems above the scaled shear stresses can be computed by γ = κt −2 (∇w − β).
A Mimetic Finite Difference (MFD) discretization
In this section we review the mimetic discretization method for the Reissner-Mindlin plate bending problem presented in [11] , and extend it to the free vibration and buckling problems. Finally, in Section 3.6 we give the details on the implementation of the method.
Notation and assumptions
Let {T h } h be a sequence of decompositions of the computational domain Ω into N (T h ) polygons E. We assume that this partition is conformal, i.e. intersection of two different elements E 1 and E 2 is either a few mesh vertices, or a few mesh edges (two adjacent elements may share more than one edge) or empty. We allow T h to contain non-convex and degenerate elements. For each polygon E, |E| denotes its area, h E denotes its diameter and h := max E∈T h h E .
We denote the set of mesh vertices and edges by V h and E h , the set of internal vertices and edges by V 0 h and E 0 h , the set of vertices and edges of a particular element E by V E h and E E h , and the set of boundary vertices and edges by V ∂ h and E ∂ h , respectively. Moreover, we denote a generic mesh vertex by v, a generic edge by e and its length both by he and |e|.
A fixed orientation is also set for the mesh T h , which is reflected by a unit normal vector ne, e ∈ E h , fixed once for all. Moreover, te denotes the tangent vector defined as the counterclockwise rotation of ne by π/2.
For every polygon E and edge e ∈ E E h , we define a unit normal vector n e E that points outside of E, and by t e E the tangent vector as the counterclockwise rotation of n e E by π/2.
The mesh is assumed to satisfy the shape regularity properties detailed in [11] .
We make also the following assumption on the data. The scalar functions E, ν are piecewise constant with respect to the mesh T h . Moreover, there exist two positive constants C⋆ and C ⋆ such that C⋆ < E < C ⋆ on the whole domain. The above uniformity condition on E is standard, while the piecewise constant condition can be interpreted as an approximation of the data and is introduced only for simplicity. In the general case, it is sufficient to assume that E and ν are (piecewise) W 1,∞ and to introduce an element-wise averaging in the data of the numerical scheme.
Degrees of freedom and interpolation operators
The discretization of Problems 1-3 requires to discretize the scalar field of displacement and the vector fields of rotations and shears. In order to do so, we introduce the degrees of freedom for the numerical solution in accordance with the correspondence
where W h represents the linear space of discrete displacement, H h indicates the linear space of discrete rotations and Γ h is the linear space of discrete shears. The discrete space for transverse displacements W h is defined as follows: a vector v h ∈ W h consists of a collection of degrees of freedom Finally, the space for the discrete shear force Γ h is defined as follows: to every element E in T h and every edge e ∈ E E h ∩ E 0 h , we associate a number δ e E , i.e.
We make the continuity assumption that for each edge e shared by two element E 1 and E 2 , we have
The scalar δ e E represents the average on edges of the discrete shears in the tangential direction. The number of unknowns is equal to the number of internal edges.
We now define the following interpolation operators from the spaces of smooth enough functions to the discrete spaces W h , H h and Γ h , respectively. For every function
For every function
For all E ∈ T h in the sequel we will also make use of local interpolation operators v I,E , η I,E , δ II,E , with values in W h | E , H h | E , Γ h | E respectively; such operators are simply the obvious restriction of the global ones to the element E for functions which are sufficiently regular on E.
Remark 1 We note that in the present paper we are considering the scheme of [11] without the edge bubbles, see Remark 4 of [11] . Such version of the method is more efficient in terms of accuracy vs number of degrees of freedom, while the loss of stability is seen only on very particular mesh patterns. Indeed, in the numerical test of Section 4, only the first family of (triangular) meshes suffers from such drawback.
Discrete norms and operators
We endow the space W h with the following norm
where v 1 and v 2 are the vertices of e. Although irrelevant in (6) , in the following we will always consider that v 1 and v 2 , the vertices of a generic edge e, are oriented in such a way that t e E points from v 1 to v 2 . In the space H h , we consider the norm
where v 1 and v 2 are the vertices of the edge e, and || · || denotes the euclidean norm on vectors.
In the space Γ h , we consider the following norm
The norms on W h and H h are H 1 (Ω) type discrete semi-norms, which become norms due to the boundary conditions on the spaces, while the norm for Γ h is an L 2 (Ω) type discrete norm. In the sequel we will also use the following norm on H h , which is a ||ε(·)|| 0,Ω type discrete norm:
where (x,ȳ) are local cartesian coordinates on E which are null on the barycenter of E, so that the function [−ȳ,x] represents a (linearized) rotation around the barycenter.
We now introduce the discrete gradient operator ∇ h , defined from the set of nodal unknowns W h to the set of edge unknowns Γ h as follows:
where v 1 and v 2 are the vertices of e.
We consider also a reduction operator, defined from the discrete space of rotations H h to the set of edge unknowns Γ h as follows:
Scalar products and bilinear forms
We equip the space Γ h with a suitable scalar product, defined as follows:
where [·, ·] Γ h ,E is a discrete scalar product on the element E.
The scalar product must satisfy the following stability and consistency conditions (see [11] ).
Remark 2 The scalar product and the bilinear form shown in this section can be built element by element in a simple algebraic way. The details are shown in Section 3.6.
The discrete method
Finally, we are able to define the mimetic discrete method for Reissner-Mindlin plates proposed in [11] . Let the loading term
where v 1 , . . . , vm E are the vertices of E,ḡ| E := 
for all linear functions p 1 . The loading term above is an approximation of
Then, the discretization of Problem 1 reads:
In order to extend the method to the free vibration problem, we introduce the following mass bilinear form in
for all β h , η h ∈ H h and w h , v h ∈ W h , where the local forms
Then, the discretization of Problem 2 reads:
Finally, in order to discretize the buckling problem we introduce a discrete bilinear form
where
We assume for simplicity that the stress datum σ is piecewise constant on the mesh, a condition that can also be considered as an approximation of a given data. We require that the local bilinear forms b E h (·, ·) satisfy the following stability and consistency conditions.
(S1 b ) There exists a positive constantĉ independent of h such that, for every v h ∈ W h and each E ∈ T h , we have
(S2 b ) For every element E, every scalar linear function p 1 on E, and every v h ∈ W h , it holds
where we recall that σ| E ∈ R 2×2 is constant and symmetric.
Such a condition asserts that the discrete bilinear form is exact when tested on linear functions. We also remark that for the form b E h (·, ·) we do not require any lower bound, such as the one in (14) . Indeed, assuming a lower bound condition for b E h (·, ·) would be unnatural, since the stress datum σ can be a singular second-order tensor. The discretization of Problem 3 then reads:
Implementation of the method
In this section we describe explicitly how to build the local bilinear forms appearing in the previous sections.
In what follows m = m(E) ∈ N will indicate the number of vertices of the polygon E. We number the vertices in counterclockwise sense as v 1 , .., vm and analogously for the edges e 1 , .., em, so that v j and v j+1 are the endpoints of edge e j , j = 1, 2, .., m.
Note that here and in the sequel all such indexes are considered modulus m, so that the index m + 1 is identified with the index 1. There are a total of 3m local degrees of freedom associated to each element of the mesh, three for each vertex. We order such local degrees of freedom first with all rotations and then all deflections, ordered as the vertices
The final local bilinear forms M = M(E) ∈ R 3m×3m associated to each element E will be the sum of two parts
the first one being associated to the a h (·, ·) term and the second one to the shear energy term. Once the elemental matrices M are built, the global stiffness matrix is implemented with a standard assembly procedure as in classical finite elements.
Matrix for the bilinear form a h (·, ·)
We start from the bilinear form a h (·, ·), which is the sum of local bilinear forms that we express as matrices
The first and main step is to build the matrix M. With this purpose we introduce the matrices N = N(E) and R = R(E) in R 2m×6 . Note again that for ease of notation we do not make explicit the dependence on the involved matrices from E. Let q 1 , . . . , q 6 be the following basis for the first order vector polynomials (with 2 components) defined on E:
Then, the six columns N 1 , . . . , N 6 of N are vectors in R 2m defined by the interpolation of the polynomials q 1 , . . . , q 6 into the space H h | E (see (4) )
The columns of the matrix N thus represent the linear polynomials q j written in terms of the degrees of freedom of H h | E .
The columns R j of the matrix R are instead defined as the vectors in R 2m associated to the right hand side of the consistency condition (S2a), computed with respect to the polynomials q j , j = 1, . . . , 6. In other words R j is the unique vector in R 2m such
see equation (S2a). Note that, since ε(q j ) = 0 for j = 1, 2, 3, the first three columns
From the definition of the vectors N j and R j , it is clear that the consistency condition (S2a) translates into the algebraic condition
We therefore introduce the matrix K ∈ R 6×6 defined by
It is easy to check that such matrix is symmetric and semi-positive definite. Moreover, it is of the form
with K⋆ positive definite. Therefore is it immediate to compute the pseudo inverse of K
We are now ready to define the local matrix M. Let P be a projection on the space orthogonal to the columns of N
with I 2m×2m the identity matrix. We then set
with α ∈ R any positive number, typically scaled as the trace of the first part of the matrix. Then, it is immediate to check that M satisfies the consistency condition (22) . Moreover, the positivity up to the kernel is easy to check, while the uniform positivity represented by the stability condition (S1a) can be proved with the techniques shown in [20, 6] .
Finally, note that the matrix M ∈ R 2m×2m is defined only with respect to the rotation degrees of freedom, since the bilinear form a h (·, ·) is independent of the deflection variable. When it comes to build the local matrix M 1 ∈ R 3m×3m appearing in (21) one simply needs to introduce the restriction matrix S ∈ R 3m×2m S = I 2m×2m 0 m×2m
and set
Matrix for the shear term
The local matrices for the shear part are obtained as a product of matrices representing the operators and bilinear forms that appear in the second term of the left hand side of Method 1. We therefore start building a matrix M = M(E) ∈ R m×m that represents the local scalar product
We order the m degrees of freedom of Γ h | E as the edges of E. The construction follows the same philosophy as in the previous section and therefore is presented more briefly. Now, the two columns of the matrix N ∈ R m×2 are defined by
where the sub-index II represents the interpolation operator shown in (5) and q 1 , q 2 denote the following basis of the (zero average) linear polynomials on E q 1 =x, q 2 =ȳ.
Analogously, the matrix R ∈ R m×2 is defined through its columns as the right hand side of (S2)
where we neglected the rot Γ h part since q 1 and q 2 have zero average on E. Again, we need to introduce K ∈ R 2×2 given by
that is easily shown to be positive definite and symmetric. We can therefore finally set
with α ∈ R + and the projection matrix
The consistency condition MN = R follows by construction while the stability can be derived with the results in [20] .
The local matrix M 2 appearing in (21) can be built combining M with a matrix C = C(E) ∈ R m×3m representing the ∇ h and Π h operators that appear in Method 1.
We therefore set
with the matrix
representing the Π h operator
and the matrix C 2 = C 2 (E) ∈ R m×m representing the ∇ h operator
Finally, the local matrices for the shear part are given by
Right hand sides
The loading term for the source problem in Method 1 follows immediately from (16) .
One gets the local right hand vectors b = b(E) ∈ R 3m defined by
that are then assembled as usual into the global load vector.
The mass matrix for the free vibration problem in Method 2, associated to the bilinear form (17) is built again by a standard assembly procedure. The local mass matrices D = D(E) ∈ R 3m×3m associated to the elemental mass bilinear forms
are diagonal and defined by
where the symbol ⌈ ⌉ stands for a round up to the nearest integer.
The stress matrix for the buckling problem in Method 3, associated to the bilinear form (18) is also built as the sum of local matrices
Note that the symmetric tensor σ ∈ R 2×2 that appears in (S2 b ) can have either rank 2 or rank 1. In order to build the matrix B, we start introducing {q 1 ,q 2 ,q 3 } a basis for the linear polynomials on E, such thatq 1 = 1 andq 2 ,q 3 have zero integral on E. Moreover, if rank(σ) = 1, we also require that ∇q 2 ∈ Ker(σ). We then define as usual the auxiliary matrices N = N(E) ∈ R m×3 and R = R(E) ∈ R m×3 through its columns.
We set
where the sub-index I denotes the interpolation operator in (3), and define R j as the unique vector in R m such that
in accordance with (S2 b ). Note that clearly R 1 is null, and that, if rank(σ) = 1 also R 2 is null. One then defines as usual the semi-positive definite and symmetric matrix
Since K is block diagonal, with the first block of zeros and the second invertible, it is immediate to compute the pseudo inverse matrix K † , in a way similar to the one used for K in Section 3.6.1. Then, we introduce
with α ∈ R non negative and the projection matrix
that, since no global coercivity conditions are required, differently from the previous matrices also the choice α = 0 can be taken. Finally, note that the matrix B ∈ R m×m is defined only with respect to the deflection degrees of freedom, since the bilinear form b h (·, ·) is independent of the rotation variable. The remaining entries in the assembled (right hand side) stress matrix associated to Method 3 can be simply filled with zeros.
Numerical results
The numerical method analyzed has been implemented in a MATLAB code.
For all the computations we took Ω := (0, 1)
2 , for the Young modulus we choose:
We have tested the method by using different meshes. We report the results obtained using the families of meshes shown in Figure 1 to Figure 7. -T We have used successive refinements of an initial mesh (see Figure 1 to Figure 7 ). The refinement parameter N used to label each mesh is the number of elements on each edge of the plate. 
Source problem
As a test problem we have taken an isotropic and homogeneous plate, clamped on the whole boundary, for which the analytical solution is explicitly known (see [24] ). Choosing the transversal load g as:
+12x(x − 1)(5y 2 − 5y + 1) 2x
the exact solution of the problem is given by:
We have used a Poisson ratio ν = 0.3 and a correction factor k = 5/6.
The convergence rates for the transverse displacement w and rotations β are shown in the following norms:
In (24) the bilinear forms a h (·, ·) and [·, ·] Γ h are exactly the ones defined in (13) and (10), respectively. We notice that it holds:
Therefore, (23) and (24) Also, we define the experimental rates of convergence (rc) for the errors e(β) and e(w) by
, where h and h ′ denote two consecutive meshsizes and e and e ′ , respectively, denote the corresponding errors. Table 1 shows the convergence history of the Method 1 applied to our test problem with four different family of meshes. Table 2 shows instead an analysis for various thicknesses in order to assess the locking free nature of the proposed method. We observe from Table 2 that our Method 1 lead to wrong result only for triangular meshes T 1 h , when the thickness of the plate is small. For any other family of meshes the method is locking-free. We also note that adding the middle point of each edge as a new node on any triangular mesh, the method is locking free, see row corresponding to T 1 h and T 6 h .
Remark 3
We note that the different behavior among the triangular mesh T 1 h and the remaining grids is not surprising. Indeed, T 1 h resembles a plain P 1 element, that is known to suffer from locking in the plate finite element literature, unless edge bubbles are added to the rotations (see also Remark 1) . Moreover, the analysis of [11] does not apply to the T 1 h meshes since the P 1/P 0 element is not stable for the Stokes problem.
Instead, meshes T 2 h , T 3 h fall into the hypotheses of the convergence theorem of [7] , see Remark 4 of [11] . Meshes T h again fall into the convergent cases considered in [7] and thus stable also for Reissner-Mindlin (see [11] ).
Free vibration of plates
The effectiveness of the MDF method for free vibration analysis are demostrated by examples with different thickness and different boundary conditions.
We have computed approximations of the free vibration angular frequencies ω
ρ . In order to compare our results with those in [25, 27, 28, 30] , a non-dimensional frequency parameter is defined as:
here ω h mn are the computed frequencies, where m and n are the numbers of half-waves in the modal shapes in the x and y directions, respectively. L is the plate side length.
We have considered a square plate of side length L = 1 and ρ = 1 and three different thickness t = 0.1, t = 0.01 and t=1.0e-5. We have also considered three different types of boundary conditions: a clamped plate (denote by CCCC), a simply supported plate (denote by SSSS), and a plate with a free edge (with three clamped edges and the fourth free, we denote by CCCF).
In the following numerical tests, we show the results for the four lowest vibration frequencies. We tested also higher frequencies with similar results. Tables 3 and 4 show the four lowest vibration frequencies computed by Method 2 with successively refined meshes of each type for a clamped plate with thickness t = 0.1 and t = 0.01, respectively. The table includes orders of convegence, as well as accurate values extrapolated by means of a least-squares fitting. Furthermore, the last two columns show the results reported in [25, 27, 30] . In every case, we have used a
Poisson ratio ν = 0.3 and a correction factor k = 0.8601. The reported non-dimensional frequencies are independent of the remaining geometrical and physical parameters, except for the thickness-to-span ratio. It can be seen from Tables 3 and 4 that our method converges with a quadratic order. Table 5 shows the four lowest vibration frequencies computed by Method 2 with successively refined meshes of each type for a clamped plate with t=1.0e-5. The table includes orders of convegence, as well as accurate values extrapolated by means of a least-squares fitting. In every case, we have used a Poisson ratio ν = 0.3 and a correction factor k = 0.8601. The reported non-dimensional frequencies are independent of the remaining geometrical and physical parameters, except for the thickness-to-span ratio. 
It can be seen from Table 5 that as for the source problem, our Method 2 lead to wrong result for triangular meshes T 1 h when the thickness of the plate is small, see Remark 3. For any other family of meshes the method is locking free and converges with a quadratic order. Table 6 shows the four lowest vibration frequencies computed by Method 2 with successively refined meshes of each type for a simply supported plate with thickness t = 0.01. The table includes orders of convegence, as well as accurate values extrapolated by means of a least-squares fitting. Furthermore, the last two columns show the results reported in [30, 25] . In every case, we have used a Poisson ratio ν = 0.3 and a correction factor k = 0.8333. The reported non-dimensional frequencies are independent of the remaining geometrical and physical parameters, except for the thickness-to-span ratio. Table 7 shows the four lowest vibration frequencies computed by Method 2 with successively refined meshes of each type for a plate with a free edge (with three clamped edges and the fourth free) with thickness t = 0.01. The table includes orders of convegence, as well as accurate values extrapolated by means of a least-squares fitting. Furthermore, the last two columns show the results reported in [30, 25] . In every case, we have used a Poisson ratio ν = 0.3 and a correction factor k = 0.8601. The reported non-dimensional frequencies are independent of the remaining geometrical and physical parameters, except for the thickness-to-span ratio. It can be seen from Tables 6 and 7 that our method converges with a quadratic order.
Buckling of plates
The effectiveness of the MDF method for buckling analysis are demostrated by examples with different thickness, boundary conditions and different in-plane compressive stress σ.
We have computed approximations of the buckling coefficients λ bc = λ bp t 2 being the smallest (the critical load) by which the chosen in-plane compressive stress σ must be multiplied by in order to cause buckling. In order to compare our results with those in [33, 34, 42] , a non-dimensional buckling intensity is defined as:
here λ 
Uniformly compressed plate
In this couple of tests, we use σ = I, corresponding to a uniformly compressed plate (in the x, y directions). First, we consider a simply supported plate, since analytical solutions are available (see [45] ) for that case. In Table 8 , we report the four lowest non-dimensional buckling intensities K 1 , . . . , K 4 , for the thickness t = 0.01, and L = 1 computed by Method 3 with four different family of meshes. The table includes computed orders of convergence, as well as more accurate values extrapolated by means of a least-squares procedure. Furthermore, the last column reports the exact buckling intensities. In this case, we have used a Poisson ratio ν = 0.3 and a correction factor k = 5/6. It can be seen from Table 8 that our method converges to the exact values with a quadratic order.
As a second test, we present the results for the lowest non-dimensional buckling intensity K 1 for a clamped plate with varying thickness t, in order to assess the stability of the Method 3 when t goes to zero. It is well known that K 1 converges to the nondimensional buckling intensity of an identical Kirchhoff-Love uniformly compressed clamped plate.
In Table 9 , we report the lowest non-dimensional buckling intensity K 1 of a uniformly compressed clamped plate with varying thickness t and L = 1. We have used five different family of meshes. The table includes computed orders of convergence, as well as more accurate values extrapolated by means of a least-squares procedure. In the last row of each family of meshes we report the limit values as t goes to zero obtained by extrapolation. In this case, we have used a Poisson ratio ν = 0.25 and a correction factor k = 5/6. Additionally, we have also computed the lowest buckling intensity of a KirchhoffLove plate by using the finite element method analyzed in [41] .
In Table 10 , we report the lowest non-dimensional buckling intensity of a uniformly compressed clamped plate with L = 1. In this case we considered a Poisson ratio ν = 0.25. It is clear from the results of Tables 9 and 10 , that our Method 3 lead to wrong result for triangular meshes T 1 h when the thickness of the plate is small, see Remark 3. For all the other family of meshes the method is locking free and do not deteriorate as the plate thickness become smaller.
Plate uniformly compressed in one direction
In this couple of tests, we use σ = 1 0 0 0 , corresponding to a plate subjected to uniaxial compression (in the x direction). We consider different boundary conditions. In Tables 11 and 12 , we report the lowest non-dimensional buckling intensity K 1 , for a clamped and simply supported plate, respectively, with thickness t = 0.1, and L = 1 computed by Method 3 with different family of meshes. The table includes computed orders of convergence, as well as more accurate values extrapolated by means of a least-squares procedure. Furthermore, the last two columns show the results reported in [33, 34] . In these cases, we have used a Poisson ratio ν = 0.3 and a correction factor k = 5/6. It can be seen from Tables 11 and 12 that our method converges with a quadratic order.
Shear loaded plate
In this test, we use σ = 0 1 1 0 , corresponding to a plate subjected to shear load. We consider different boundary conditions.
In Table 13 , we report the lowest non-dimensional buckling intensity K 1 , for a simply supported plate with thickness t = 0.01, and L = 1 computed by Method 3 with different family of meshes. The table includes computed orders of convergence, as well as more accurate values extrapolated by means of a least-squares procedure. Furthermore, the last two columns show the results reported in [42] . In these cases, we have used a Poisson ratio ν = 0.3 and a correction factor k = 5/6. It can be seen from Table 13 that our method converges with a quadratic order.
Conclusions
We assessed numerically the actual performance of the method proposed in [11] , extending it also to free vibration and buckling problems of plates. We tested different families of mimetic meshes, different values of the relative thickness and various boundary conditions. In all the three types of problems considered (source problem, free vibration, buckling) the method was shown to be locking free and to converge with an optimal rate both in discrete L ∞ and H 1 norms for meshes made with elements with 4 or more edges. In some occasions, a super convergence rate was noticed. Moreover, differently from standard quadrilateral finite elements, the method shows a robust behavior also for uniformly distorted families of meshes such as those in Figure 5 . We thus conclude that the proposed method is very reliable for Reissner-Mindlin plate computations.
